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Abstract
This theoretical research aims to examine areas of the Compton cross section of entangled anni-
hilation photons for the purpose of testing for possible break down of theory, which could have
consequences for predicted optimal capabilities of Compton PET systems.We provide maps of the
cross section for entangled annihilation photons for experimental verification.We introduce a strat-
egy to derive cross sections in a relatively straight forward manner for the Compton scattering of
a hypothetical separable, mixed and entangled states. To understand the effect that entanglement
has on the cross section for annihilation photons, we derive the cross section so that it is expressed
in terms of the cross section of a hypothetical separable state and of a hypothetical forbidden
maximally entangled state.We find lobe-like structures in the cross section which are regions where
entanglement has the greatest effect.We also find that mixed states do not reproduce the cross
section for annihilation photons, contrary to a recent investigation which reported otherwise.We
review the motivation and method of the most precise Compton scattering experiment for annihila-
tion photons, in order to resolve conflicting reports regarding the extent to which the cross section
itself has been experimentally verified.
1. Introduction
In present day Positron Emission Tomography (PET) imaging systems, suspected false coincidence
events are removed using energy discrimination and correction techniques. With the advent of
Compton camera technology [1, 2, 3, 4, 5], it has been suggested that entanglement of the annihi-
lation photons can be used as an additional discriminator to increase the accuracy of eliminating
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false coincidence events, thereby improving image quality [6]. However, before entanglement can
be used, fundamental issues relating to kinematic outcomes of Compton scattering of annihilation
photons must be resolved.
These kinematic outcomes are described by the Compton collision cross section, and an un-
derstanding of the capabilities of Compton PET systems requires an accurate estimate of the
theoretical cross section. Previous experiments to measure the value of the anisotropy of the cross
section yielded indirect confirmation of the predicted value, because the measured value of the
anisotropy was inferred after the data were geometrically corrected [7, 8, 9, 10, 11, 12, 13, 14]. As
far as this investigation is aware, the theoretical cross section has yet to be verified experimentally.
Verification of the cross section is also an issue of fundamental physics. Bohm and Aharonov [15,
16] were first to recognize that the relative polarization correlations between annihilation photons
was an example of the kind of entanglement discussed by Einstein, Podolsky and Rosen [17], and
that the consequences of this entanglement can be observed in Compton scattering experiments.
However, the results of these experiments are based on the assumption that the theoretical cross
section is correct [9, 11].
Recently, Hiesmayr and Moskal argued that a certain mixed state photons which do not need to
originate from the same positron-electron annihilation event gives the same Compton collision cross
section as annihilation photons [18]. If true, this would limit the accuracy of Compton PET and
would necessitate a reinterpretation of the results of past experiments testing the Bohm-Aharonov
hypothesis.Wederive the cross section for that mixed state and compare our findings to previous
results. As the level of experimental verification of the cross section for annihilation photons is
debated [18, 19], we analyse previous reports to resolve these inconsistencies.
2. Matrix representation of the Klein-Nishina formula
We derive Compton collision cross sections for Bell state photons and mixed states using a matrix
representation of the Klein-Nishina formula, a representation which was pioneered by Wightman [20]
and Fano [21] and thereafter by McMaster [22] who demonstrated its versatility by deriving various
cross sections in a relatively straight-forward and intuitive way.
Herein, the photon polarization state is defined with respect to a linear polarization basis, and
we adopt the source view convention and a right-handed coordinate system. The linear basis is
a useful basis to represent the polarization state of the incoming and scattered photon. In this
basis, the matrix representation of the Klein-Nishina formula T (θ;Eo) is sufficiently described by
the upper left 3× 3 sub-matrix of the Fano 4× 4 matrix given in [22] such that
T (θ;Eo) =
r2o
2
(
E
Eo
)2 1 + cos2 θ + (Eo − E)(1− cos θ) sin2 θ 0sin2 θ 1 + cos2 θ 0
0 0 2 cos θ
 , (1)
where the Fano matrix T (θ;Eo) is parametrized by the incident photon energy Eo, and the scatter-
ing angle θ subtends the incident and outgoing/scattered photon trajectories, ro ≈ 2.18× 10−15m
is the classical electron radius, and E is the energy of the outgoing photon. Equation (1) considers
the case in which the initial and final states are pure states, and the matrix elements have been
summed over the final electron spin states. The quantities θ, E and Eo are related through the
Compton formula
E =
Eo
1 + Eo(1− cos θ) , (2)
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Figure 1: (a): A visualization of the Stokes parameters P1 = ±1 and their correspondence with
the unit vectors xˆ and yˆ , each of which indicate the plane of vibration of the classical electric
field. The blue wave packet with momentum ~kzˆ which has a right- and left-handed arcs, hovering
around it, is used to crudely represent linearly polarized photon in a pure state which are in a
superposition of right- and left- handed circular polarization states (Refer to Equation (7a)) (b):
Shows a vertically polarized photon which is defined in the unprimed coordinate system and which
scatters through an angle θ and φ. (c): Shows the coordinate system rotated about the direction
of propagation by an azimuthal angle φ into the primed coordinate system, which is analogous to
applying a rotation matrix M(φ) (Equation (5)) which transforms the Stokes parameters from one
coordinate system to another system. In the rotated frame, the scattering plane is defined in the
y
′
-z
′
plane.
such that Eo and E are unitless quantities normalized using mc
2. For example, photons with an
incident energy of Eo = 1 correspond to energies of 511 keV (mc
2).
The Fano framework describes an incoming photon polarization state using a 4 component
Stokes vector |S〉 (reference [22] for more detail) and in its most general case is represented as
|S〉 =

I
P1
P2
P3
 =

〈J | I2 |J〉
〈J |σz |J〉
〈J |σx |J〉
〈J |σy |J〉
 =

|a1|2 + |a2|2
|a1|2 − |a2|2
a1a
∗
2 + a2a
∗
1
i(a1a
∗
2 − a2a∗1)
 , |J〉 = [a1a2
]
, (3)
where |J〉 stands for a general Jones state vector with probability amplitudes a1 and a2, where
a1, a2 ∈ C. Further detail regarding P2 and P3 is found in [22]. Each component represents an
observable quantity which are defined as the expectation value of the 2 × 2 unit matrix I2 and
the Pauli spin matrices {σx, σy, σz}. When working in the linear basis, the component P3 can be
3
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omitted, in which case the Stokes vectors of interest for this work are
xˆ ≡ |+〉 =
 1+1
0
 , yˆ ≡ |−〉 =
 1−1
0
 , and |I〉 = 1
2
|+〉+ 1
2
|−〉 =
10
0
 , (4)
where |+〉 and |−〉 label the Stokes vector for vertically and horizontally polarized photons and
correspond to the unit vectors xˆ and yˆ, respectively, as illustrated in Figure 1(a). The Stokes
vector labelled |I〉 represents a normalized beam of unpolarized photons.
The Stokes parameters are also dependent on the choice of coordinate systems. The Fano
matrix method normally requires a rotation matrix M(φ) which maps the Stokes parameters given
in Equation (4) to the Stokes parameters in an another system and is given by
M(φ) =
1 0 00 cos 2φ sin 2φ
0 − sin 2φ cos 2φ
 . (5)
With respect to the source view, figures 1(b-c) shows that a counterclockwise rotation about the
incident photon trajectory by the azimuthal angle φ corresponds to a clockwise rotation of the
unprimed coordinate system, which in Stokes space is a rotation about the axis represented by P3,
and where we make use of the following properties
M
(
φ± pi
2
)
|−〉 = M (φ) |+〉 , M
(
φ± pi
2
)
|+〉 = M (φ) |−〉 , M (φ) |I〉 = |I〉 . (6)
An experiment which yields linear polarized light is a result of detecting an even amount of
right and left hand circularly polarized photons each of which carry angular momentum of +~zˆ and
−~zˆ, with respect to the projection of the angular momentum onto the axis of propagation. The
basis vectors for right and left hand circularly polarized photons are labeled by the Jones vectors
|R〉 and |L〉, respectively. Since this basis carries the added information of the intrinsic spin of a
photon, we consider this basis more fundamental than compared to the vertical (|↑〉) and horizontal
(|→〉) Jones vectors, since an experiment which measures linear polarization yields no information
of the intrinsic angular momentum. The linear basis can be expanded in terms of |R〉 and |L〉 such
that
|↑〉 =
[
1
0
]
=
1√
2
|R〉+ 1√
2
|L〉 , |→〉 =
[
0
1
]
=
i√
2
|R〉 − i√
2
|L〉 , (7a)
where
|R〉 = 1√
2
[
1
−i
]
, |L〉 = 1√
2
[
1
i
]
. (7b)
The states given in equation (7a) show that a linearly polarized photon is a photon which is in
an indefinite state of angular momentum. The sketch of the blue wave packet shown in figures 1
(a-c) which has the orbiting right and left hand circular arcs is used as a visual aid to emphasis the
potentiality of a photon to collapse in either state |R〉 or |L〉 through some appropriate experimental
procedure. Throughout this article, both |↑〉 and |→〉 will be visualized in this way. To distinguish
between the two linear states, we attach a vertical or horizontal arrow indicating which of the two
linear states we are referring to.
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2.1. Rules for deriving cross sections for mixed and pure states
The objective is apply the Fano matrix to derive probabilities distributions for Compton scattering
by pairs of photons in Bell states and mix states and show the relationship between these distribu-
tions. The distributions are derived using the established rules of quantum mechanics which were
presented in a form more familiar to physicists by Furry [23]. In particular, in the case when the
probability Ppure represents the probability of a pure state |Ψ〉 that passes a test for being in the
state |Φ〉 is
Ppure = |〈Φ|Ψ〉|2. (8)
Whereas, for a mixture of states when we only know the probabilities ωi of the system being in the
states |Ψi〉, the probability Pmix of a mixed state that passes a test for being in the state |Φ〉 the
probability in question is
Pmix =
∑
i
wi|〈Φ|Ψi〉|2. (9)
In a photon counting experiment, the probability distribution for Compton scattering of a
photon consists of a causal relation between two events, namely an event ns which announces to
the experimenter that an incoming photon has Compton scattered, and a subsequent event n{θ, φ}
which announces to the experimenter that the outgoing photon has interacted with a detector
positioned at coordinates (r, θ, φ) relative to the scattering site. Thus, the probability distributions
for Compton scattering are conditional probabilities of the form P (n{θ, φ}|ns), which is taken to
mean; Given that a Compton scattering event ns has occurred, with what probability P will an event
n{θ, φ} occur in a detector positioned at coordinate (r, θ, φ)?
The conditional probabilities for Compton scattering are proportional to the differential collision
cross sections. For an unpolarized beam with incident energy Eo, which comprises, for example, of
pure state photons is represented by the Stokes vector |I〉. The procedure of using the Fano method
to derive differential cross sections is to apply the necessary vectors and matrices of Section (2)
from right to left, beginning with the Stokes vector representation of the state under consideration,
in this case |I〉. To a Stokes vector, one would typically apply the rotation matrix M(φ) (5), then
act on this transformed vector with the Fano matrix (1). However, equation (6) implied that an
unpolarized state |I〉 is invariant under rotation, i.e., M(φ) |I〉 = |I〉. Therefore it is sufficient to
apply the Fano matrix to the state |I〉 7→ T (θ;Eo) |I〉. The final step is to apply the Stokes bra
vector 〈I|, which is the Stokes vector characterizing of a photon counter such as a scintillation
detector. The differential cross section for a linearly unpolarized beam is
dσ
dΩ
= 〈I|T (θ;Eo) |I〉 = r
2
o
2
(
E
Eo
)2( E
Eo
+
Eo
E
− sin2 θ
)
, (10)
which, when evaluated, gives the well known Klein-Nishina Compton collision cross section in the
case for a polarization-insensitive detector. Integrating Equation (10) over all angles for the case
of annihilation photons (Eo = 1) gives for the total collision cross section
σ =
∫ pi
θ=0
dθ
∫ 2pi
φ=0
dφ 〈I|T (θ; 1) |I〉 sin θ = pir
2
o
9
(40− 27 ln 3), Eo = 1 (511keV). (11)
The probability of detecting an unpolarized photon beam (equal mix of right and left circularly
polarized photons) using a polarization-insensitive detector is
P (n{θ, φ}|ns) u ∆Ω
σ
〈I|T (θ; 1) |I〉 = ∆Ω
σ
[
r2o
2
(1− cos θ)3 + 2
(2− cos θ)3
]
, for Eo = 1, (12)
5
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Figure 2: The nomenclature for Compton scattering by a pair of entangled 511 keV photons in
the state corresponding to |↑1i〉 ⊗ |→2i〉. The diagramdepicts the annihilation in the rest frame of
parapositronium, and produce photons in an indefinite state of angular momentum. In this frame,
the photons travel along a common straight line in opposite directions, and after some elapsed time
each undergo a Compton scattering event with a stationary electron at the origin of their respective
coordinate system. The trajectories of each scattered photon γ1f and γ2f lie in the yellow shaded
scattering plane, respectively. (Note: Scattered electrons not shown.)
where ∆Ω = ∆θ∆φ sin θ represents the solid angle into which the photon scatters into, and that
∆Ω is sufficiently small such that the differential cross section is approximately constant over this
interval about the angle θ and φ. As can be seen from equation (12), in the case of an unpolarized
photon beam, the probability of detecting an event n{θ, φ} is independent of the azimuthal angle
φ.
3. Compton scattering of entangled states
Parapositronium which is at rest annihilates into predominately two entangled photons (labeled
γ1i and γ2i) that propagate in the zˆ direction, respectively.Due to parity, angular momentum
conservation [24] and Bose symmetry, the entangled state is∣∣Φ−c 〉 = 1√
2
[
|R1i〉 ⊗ |R2i〉 − |L1i〉 ⊗ |L2i〉
]
7−→ ∣∣Ψ+l 〉 = −i√2
[
|↑1i〉 ⊗ |→2i〉+ |→1i〉 ⊗ |↑2i〉
]
, (13)
where |Φ−c 〉 and
∣∣Ψ+l 〉 are particular cases of the maximally entangled Bell states, each of which
is an equivalent representation of the aforementioned process, and the subscripts c and l denote
“circular” and “linear” polarization basis, respectively.
Using the state
∣∣Ψ+l 〉, the Compton scattering of the state |↑1i〉 ⊗ |→2i〉 is visualized in figure
(2), where it is shown the angle η defines the angular separation between the two scattering planes.
The Fano matrix representation of the Compton collision cross section by the subsequent emission
6
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of Bell state photons by parapositronium annihilation can be represented by
∂2σ(Ψ
+
l )
∂Ω1∂Ω2
=
1
8
1∑
a=0
〈I|T (θ1; 1)M
(api
2
)
|+〉 〈I|T (θ2; 1)M
(
η +
api
2
)
|−〉 , (14)
where the sum in equation (14) is over two possible final states, and the factor of 1/8 is the averaging
over the 8 degrees of freedom in the initial states can scatter off an incident electron, with respect to
the scattering plane of γ1f . The differential cross section of equation (14) is equivalent in structure
to the Pryce-Ward equation given in [25] and may be expressed in the following form
∂2σ(Ψ
+
l )
∂Ω1∂Ω2
=
1
4
〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉
[
1−m(θ1)m(θ2) cos 2η
]
, (15a)
where the term 〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉 is the product of the Klein-Nishina cross section given
in equation (10), evaluated for photons with incident energy of 511 keV, and is proportional to the
probability of Compton scattering of a pair of mutually independent photons propagating in the
same back-to-back configuration, and where
m(θ) =
(2− cos θ) sin2 θ
(1− cos θ)3 + 2 . (15b)
The Compton scattering of Bell state photons involves four causally related events. Specifically, the
event Nss = n1s∩n2s which is the result of the Compton scattering by each of the incoming photons,
and two subsequent events n1{θ1, φ1} and n2{θ2, φ2} at detectors (1) and (2) which are positioned
at coordinates (r1, θ1, φ1) and (r2, θ2, φ2), respectively. Therefore, the conditional probability of
Compton scattering of Bell state photons is of the form P (Ψ
+
l )(n1{θ1, φ1}, n2{θ2, φ2}|Nss). It follows
then that
P (Ψ
+
l )(n1{θ1}, n2{θ2, η}|Nss) u ∆Ω1∆Ω2
σ(γ1,γ2)
∂2σ(Ψ
+
l )
∂Ω1∂Ω2
=
4∆Ω1∆Ω2
σ2
∂2σ(Ψ
+
l )
∂Ω1∂Ω2
, (16)
where
σ(γ1,γ2) =
∫∫
∂Ω1∂Ω2
∂2σ(Ψ
+
l ) =
[
pir2o
18
(40− 27 ln 3)
]2
=
1
4
σ2. (17)
We now consider some hypothetical mechanism that produces a pair of maximally entangled
photons represented by the state∣∣Ψ+c 〉 = 1√
2
|R1i〉⊗ |L2i〉+ 1√
2
|L1i〉⊗ |R2i〉 7−→
∣∣Φ+l 〉 = 1√2 |↑1i〉⊗ |↑2i〉+ 1√2 |→1i〉⊗ |→2i〉 , (18)
where the state |R1i〉 ⊗ |L2i〉 and |L1i〉 ⊗ |R2i〉 carry a total of ±2~zˆ2 of angular momentum,
respectively. Figure (3) visualizes the geometry for Compton scattering by the state |↑1i〉 ⊗ |↑2i〉,
which is similar to the geometry given in figure (2). The differential Compton cross section for the
state given in equation (18) is
∂2σ(Φ
+
l )
∂Ω1∂Ω2
=
1
8
1∑
a=0
〈I|T (θ1; 1)M
(api
2
)
|+〉 〈I|T (θ2; 1)M
(
η +
api
2
)
|+〉 , (19a)
7
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Figure 3: The nomenclature for Compton scattering by a hypothetical pair of 511 keV photons
in the state corresponding to |↑1i〉 ⊗ |↑2i〉, of which became maximally entangled through some
mechanism. In this frame, the photons travel in opposite directions along the z−axis, and carries
a total of 2~zˆ2 of angular momentum for |R1i〉 ⊗ |L2i〉 and −2~zˆ2 for |L1i〉 ⊗ |R2i〉. After some
elapsed time, each photon Compton scatters at the origin of their respective coordinate systems.
=⇒ ∂
2σ(Φ
+
l )
∂Ω1∂Ω2
=
1
4
〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉
[
1 +m(θ1)m(θ2) cos 2η
]
, (19b)
which implies
P (Φ
+
l )(n1{θ1}, n2{θ2, η}|Nss) u 4∆Ω1∆Ω2
σ2
∂2σ(Φ
+
l )
∂Ω1∂Ω2
. (20)
One can find a relationship between the differential cross sections for the Bell states given by
equations (14) and (19a) by considering a hypothetical ensemble of the state
∣∣Ψ+l 〉 (13) and ∣∣Φ+l 〉
(18) represented by the following density matrix ρbellmix such that
ρbellmix =
1
2
∣∣Ψ+l 〉 〈Ψ+l ∣∣+ 12 ∣∣Φ+l 〉 〈Φ+l ∣∣ , (21)
where the probability of finding an individual system is 1/2.
Applying equation (9) to this mixed state gives for the probability of Compton scattering
P bellmix(n1{θ1}, n2{θ2, η}|Nss) =
1
2
P (Ψ
+
l )(n1{θ1}, n2{θ2, η}|Nss) + 1
2
P (Φ
+
l )(n1{θ1}, n2{θ2, η}|Nss)
u
∆Ω1∆Ω2
σ2
〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉 .
(22)
8
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Rearranging equation (22) with resepect to P (Ψ
+
l )(n1{θ1}, n2{θ2, η}|Nss) gives
P (Ψ
+
l )(n1{θ1}, n2{θ2, η}|Nss) u 2∆Ω1∆Ω2
σ2
〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉 − 4∆Ω1∆Ω2
σ2
∂2σ(Φ
+
l )
∂Ω1∂Ω2
.
(23)
In terms of the differential cross section for the Bell states
∣∣Ψ+l 〉 (15a) and ∣∣Φ+l 〉 (19b), equation
(22), we find
∂2σ(Ψ
+
l )
∂Ω1∂Ω2
=
1
2
〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉 − ∂
2σ(Φ
+
l )
∂Ω1∂Ω2
. (24)
When the differential cross section for Compton scattering by a pair of photons emitted in para-
positronium annihilation is expressed in this form, the cross section is seen as an interplay be-
tween the Compton scattering of a pair of mutually independent photons represented by the term
〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉 that, as we shall show, possesses eigenfunctions of the emitted pho-
tons which are either individually allowed or forbidden in parapositronium annihilation and the
term which describes a maximally entangled Bell state which has eigenfunctions which are strictly
forbidden in connection to parapositronium annihilation.
4. Structures in the Compton cross section of annihilation photons
Figure (4) is the four dimensional probability density function given by equation (23). The color
coding provides information about the probability of γ1i and γ2i Compton scattering through the
angles θ1 and θ2, respectively, when the scattering planes are separated by an azimuthal angle of η.
To visualize its interior region, the density function (the bulk) is sliced in half along θ1 = 90
◦.
Referring to Figure (4), the two halves are labeled Left Sector (LS) and Right Sector (RS) defined
within an angular range of [(θ1, 0
◦, 90◦), (θ2, 0◦, 180◦), (η, 0◦, 360◦)]LS and [(θ1, 90◦, 180◦), (θ2,
0◦, 180◦), (η, 0◦, 360◦)]RS, respectively.
We refer to the center plot as the Interior Sector (IS) which has an angular range of [(θ1, 75
◦,
115◦), (θ2, 75◦, 115◦), (η, 0◦, 360◦)]IS. The probability densities of the lobes which are made visible
in the interior sector are around 10 times smaller relative to the immediate region that surrounds
them. These are the regions where the probability distribution connected to the forbidden Bell
state has the greatest effect on the cross section. When viewed from within the left or right sector,
these lobes show up as faint white structures in the LS and RS are indicated by the dotted-outlined
circles. It is for this reason the color scale in the interior sector has been enhanced to delineate
these structures. Figure (5) provides a closer examination of the central lobe mapped in terms of
contours of constant percentage probability of Compton scattering. As far as we are aware, the
topology of these structures are a unique signature of annihilation photons which have not been
reported in the literature, and therefore have not undergone a direct empirical examination.
9
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Figure 4: A four-dimensional probability plot of the angular distribution of Compton scattered 511
keV photons. The plot is a visualization of expressed as a percentage probability per unit of solid
angle squared i.e., P (Ψ
+
l )(n1{θ1}, n2{θ2, η}|Nss), equation (23). The egg-shaped lobes shown in the
inner sector (IS) have been re-scaled in order to delineate the structures. In the LS and RS region
indicated by the dotted circles, the lobes appear as faint white regions. Note: ∆Ω1 = ∆Ω2 = 1
5. Discussion
5.1. On the uniqueness of the Compton cross section of annihilation photons
Of particular interest to this work is the mixed state
ρmix =
1
2
|↑1i,→2i〉 〈↑1i,→2i|+ 1
2
|→1i, ↑2i〉 〈→1i, ↑2i| , (25)
as opposed to the density matrix for the pure state given in equation (13) is
ρ(Ψ
+
l ) = ρmix +
1
2
[
|↑1i,→2i〉 〈→1i, ↑2i|+ |→1i, ↑2i〉 〈↑1i,→2i|
]
. (26)
This density matrix contains interference terms that are not present in equation (25) and it is these
additional terms that Bohm and Aharonov [15] seized on to physically distinguish between these
two states in Compton scattering experiments to explain the well-known EPR paradox [17].
In the case of the mixed state ρmix, which is illustrated in Figure (6), the beam of photons
entering either Detector (1) or (2) now contains an equal mix of the states |↑〉 and |→〉 whose cross
sections is given by
1
2
〈I|T (θa; 1)M(φa) |+〉+ 1
2
〈I|T (θa; 1)M(φa) |−〉 = 〈I|T (θa; 1) |I〉 a = 1, 2, (27)
10
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Figure 5: A closer view of a lobe structure in terms of contours of constant percentage probability
given by P (Ψ
+
l )(n1{θ1}, n2{θ2, η}|Nss), equation (15a).
where we have used the property 1/2 |+〉+ 1/2 |−〉 = |I〉 and M(φ) |I〉 = |I〉, c.f. equations (4) and
(6). Therefore, the joint probability of the mixed state ρmix is proportional to
Pmix(n1{θ1}, n2{θ2, η}|Nss) ∝ 〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉 . (28)
In Compton scattering experiments which measure the ratio R = N⊥/N‖ of counting rates (in
which θ is fixed) in the two azimuthal planes corresponding to η = 0o (N‖) and η = 90o (N⊥), we
find for the mixed state ρmix, equation (25), that
R(ρmix) =
(
N⊥
N‖
)
ρmix
=
〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉
〈I|T (θ1; 1) |I〉 〈I|T (θ2; 1) |I〉 = 1. (29)
In the case of the maximally entangled annihilation photons, refer to equation (13), Pryce and
Ward [25], and Snyder et al. [26] have shown that the ratio for ideal geometries has a maxium value
of R = 2.85 for the Compton polar angles θ1 = θ2 u 81.67o.
The solution of equation (29) is consistent with that obtained by Bohm and Aharonov [15].
Both our findings and that of Bohm and Aharonov are in formal disagreement with the recent
investigation by Hiesmayr and Moskal [18]. Aside from the errors of missing ro/2 factors in their
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Figure 6: Compton scattering by the mixture of states given by state in (24), which describes
pairs of 511 keV photons in the state |↑1i〉⊗|→2i〉 or |→1i〉⊗|↑2i〉. The diagram depicts the creation
of the mixed state by some unknown process. In this frame, the photons travel along a common
straight line in opposite directions, and after some elapsed time each undergo a Compton scattering
event with a stationary electron at the origin of their respective coordinate system. The trajectories
of each scattered photon γ1f and γ2f lie in the yellow shaded scattering plane, respectively. (Note:
Scattered electrons not shown.)
differential cross sections, our findings and that of Bohm and Aharonov is different in a very
important way in that Hiesmayr and Moskal concluded that the Compton collision cross section
of the hypothetical mixed state ρmix given in equation (25) gives the same cross section as the
entangled state
∣∣Ψ+l 〉, and therefore would imply identical R values. Furthermore, all ensembles
hypothesised by Bohm-Aharonov which possesses the rotational and reflective symmetry of the form
given by equation (25) would evidently have differential cross sections which are distinguishable to
the cross section derived for the Bell state |Φ−c 〉/
∣∣Ψ+l 〉.
5.2. Past experiment
The most precise measurements to date of the correlation of two photons corresponding exactly to
parapositronium decay are those of Langhoff [8] and of Kasday et al. [11] who, after geometrical
corrections were applied, measured R = 2.47 ± 0.07 and R = 2.33 ± 0.10, respectively. Although
these results were sufficient to rule out certain hypothetical modifications of quantum mechanics,
motivated by Einstein’s ideas they did not confirm the predicted ratio of 2.85 for the annihilation
photons.
The objective of Kasday et al. was to assume Compton theory of annihilation photons is correct
and use them to test quantum theory, local hidden variable theories and the Bohm-Aharonov
hypothesis by Compton scattering [9]. The data of Kasday et al. was analysed by computing for
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each value of the relative azimuthal angle η the quantity Rexp(η) of the form
Rexp(η) =
N/Nss
(n1{θ1}/Nss)(n2{θ2, η}/Nss) , (30)
where
Nss = ns1 ∩ ns2 is the number of times the two photons Compton scatter.
N = n1{θ1} ∩ n2{θ2, η} is the number of times the two photons Compton scatter and both
photons are detected.
n1{θ1} = is the number of times the two photons Compton scatter and only photon 1 is
detected.
n2{θ2, η} = is the number of times the two photons Compton scatter and only photon 2 is
detected.
(31)
and where the quantity Rexp(η) is taken to be a measure of correlation between the momenta of
the scattered photons, such that for uncorrelated photon momenta Rexp(η) = 1, and deviations
away from 1 correspond to correlations between the momenta.
A barrier which still exists for experimentalists is that ideal linear polarization analysers are
unavailable for annihilation photons, because of their high energy (511 keV). Nevertheless, using
quantum theory, Kasday, Ullman, and Wu [11] showed that the ratio Rexp(η) is related to an
equation for a hypothetical experiment which has access to ideal polarization analysers and which
has the functional form
Rexp(η) = A−B cos 2η, (32)
where A and B are parameters to be fitted to the data. When the measurement of A = 1 is within
the margin of uncertainty, the parameter B can be used to test the validity of quantum theory.
Equation (32) can be equated to the theoretical differential cross section of equation (15a) in
the following manner
A = 1, and B = Mexp(θ1)Mexp(θ2) ≡ m(θ1)m(θ2), (33a)
N
Nss
≡ 1
σ(γ1,γ2)
∂2σ(Ψ
+
l )
∂Ω1∂Ω2
, (33b)
n1{θ1}
Nss
≡ 1
σ
〈I|T (θ1; 1) |I〉 , and n2{θ2, η}
Nss
≡ 1
σ
〈I|T (θ2; 1) |I〉 , (33c)
where Mexp are experimental factors described in [11]. In terms of an ideal experiment in which the
data is obtained using the method of Kasday et al. to compute A, B and the ratio N/Nss, these
quantities are in principle equivalent to their respective theoretical counterparts, given in equations
(33a) and (33b).
However, equations in (33c) are equated to the terms which are associated with mutually inde-
pendent events. But no such mutually independent photons exist in an ideal experiment in which
pairs of photons are created from the annihilation of parapositronium. Strictly speaking, the the-
oretical prediction of correlation between the annihilation momenta is just N/Nss. Recall that the
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objective of Kasday was not to measure the differential cross section of annihilation photons, but to
assume that the theory of Compton scattering of annihilation photons was correct and to measure
R in order to test the aforementioned hypothesis.
6. Conclusion
We have shown that the cross section for annihilation photons can be described as the difference
between the cross sections of a hypothetical separable state and a hypothetical forbidden maximally
entangled state, and that the lobe-like structures correspond to regions where the value of the cross
section of the hypothetical forbidden state is maximized.
We derived the cross section for the hypothetical mixed state which was first considered by Bohm
and Aharonov and more recently by Hiesmayr and Moskal, and found that the cross section for this
state is not identical to the cross section of annihilation photons.We also found a theoretical value of
unity for the anisotropy of the mixed state which is consistent with the value calculated by Bohm
and Aharonov. We therefore concluded that it is not necessary to reinterpret past experiments
that tested the Bohm-Aharonov hypothesis. Also, given that Bohm and Aharonov had already
shown that all cross sections for ensembles which possess rotational and reflective symmetry of the
form given by the hypothetical mixed state are different to the cross section for the annihilation
photons, we conclude that the lobe-like structures observed in the differential cross section are due
to entanglement between the annihilation photons.
To date, no Compton scattering experiment of annihilation photons is known that has directly
confirmed the predicted value of R = 2.85, nor has there been any direct attempt to measure the
cross section itself. As a result, the question of the kinematic outcomes of Compton scattering of
annihilation photons remains open. New experimental tests are essential to clarify this point. In
addition to confirming the predictions of quantum physics, they will also clarify the predictions for
the optimal capabilities of Compton PET systems.
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